A perfectly expanded turbulent Mach 1.92 jet was simulated by direct numerical solution of the compressible Navier-Stokes equations in a computational domain that included the near acoustic eld. Reynolds stresses, two-point correlations, and turbulent energy spectra are computed and discussed. The sound eld is highly directional and dominated by Mach waves as are commonly observed experimentally. Analysis of the sound using weak-shock theory shows that non-linear e ects are signi cant away from the jet, but that linear theory is su cient to estimate near-eld sound pressure levels. Sound pressure levels are compared with experimental results and are found to agree very well with jets at similar convective Mach numbers.
Introduction
The reduction of acoustic emissions is one of the key technological challenges facing proposed high speed civilian transports. Meeting airport noise regulations, which in some cases are already restricting the use of some present day sub-sonic aircraft, will be nearly impossible without a substantial technological breakthrough. A rm understanding of the physics is necessary to guide such progress.
In the present study we focus on a perfectly expanded supersonic round jet issuing into a quiescent ambient environment. It has been observed experimentally that the acoustic radiation from such jets is dominated by Mach waves (see reviews by Tam 1, 2 ). Turbulent structures traveling at supersonic speeds within the jet are generally thought to be responsible for this and they have been successfully modeled by Tam & Burton 3 as linear stability modes. In a jet excited at a particular frequency, Tam & Burton showed nearly perfect agreement between the predicted and measured sound elds to within a constant which was indeterminable by their linear theory.
The goal of the present study is to test quantitatively the relation between the radiated sound and the linear stability modes in a turbulent supersonic jet. We want to determine whether a strong relation to the linear modes also exists in an unforced jet and determine if there is indeed a linear relation between nozzle conditions and the sound eld as suggested by the constant factor in the Tam & Burton 3 model. Such a relation is important for the development of systems models for jet noise prediction and control. Connection to the nozzle conditions is of particular interest because that is the most convenient place to implement a control strategy. Direct numerical simulation of a jet and its acoustic eld will provide the full simultaneous ow eld information necessary for this analysis.
In this paper, we present the simulation techniques as well as fundamental results for the jet turbulence and sound eld. Analysis of the data to evaluate existing models and develop new models when necessary is underway and will be presented at a later date. The ow parameters and simulation techniques are introduced in section 2. Section 3 documents the jet turbulence. Sound eld results and techniques for extending the computation into the far-acoustic eld are discussed in section 4 which also makes comparison of sound pressure level data to experimental data. Conclusions are stated in section 5.
Numerical Simulations

Flow parameters
The subject of the present study is a Mach 1.92 round jet exiting into a quiescent in nite domain. The jet temperature ratio was T j =T 1 = 1:12 where the subscript () j indicates a jet centerline quantity and the subscript () 1 indicates a constant ambient quantity. Based on this, the isentropic convective Mach number 4 for the jet shear layers was M c = 0:99. The Reynolds number was Re = j U j D j j = 2000 (1) and the Prandtl number was 0.7. This Reynolds number is low compared to experimental data; however, comparing di erent experiments at di erent Reynolds numbers but similar Mach numbers shows that the acoustic radiation's peak Strouhal number and amplitude are independent of Reynolds number (see Tam 2 and references contained therein). The principal e ect of increasing Re was to broaden the spectrum. Reynolds number insensitivity is also in accord with the theory of Tam & Burton 3 because the linear stability modes used as sources in their analysis are independent of viscosity for the Reynolds numbers considered. The incompressible results of Morris 5 also suggest that viscosity plays only a very small role in jet stability for Reynolds numbers above 1000, though it has been shown that the role of viscosity increases with increasing compressibility. 6 Nevertheless, we expect at most a small in uence of viscosity on the dominant modes at the present Reynolds number.
Equations and numerical Method
The computational domain is shown schematically in gure 1. In this domain, the fully compressible NavierStokes equations were solved in cylindrical coordinates and without modeling assumptions. The functional dependence of viscosity on temperature was speci ed with Sutherland's law and a perfect gas state equation closed the equations. The basic numerical method was essentially the same as used by Freund et al. 7 Sixth-order compact nite di erences were used in the axial and radial directions, x and r, and Fourier spectral methods were used in the azimuthal, , direction. Time advancement was by a fourth order Runge-Kutta algorithm. At the coordinate singularity, r = 0, the equations were solved in Cartesian coordinates. Near r = 0, the geometry of the cylindrical mesh causes the -mesh spacing to become very small and this imposes a severe time-step restriction. To alleviate this, higher Fourier modes in were systematically omitted in such a way that the effective resolution in was nearly constant with radial location. The computational mesh had 640 270 128 points in the axial, radial, and azimuthal directions respectively. Mesh points were compressed in the radial direction near r = r o , where r o is the nozzle radius, and in the axial direction near the end of the potential core x 11r o . The point-to-point change in mesh spacing was less than 2% in each direction. The physical portion of the computational domain extended to 31r o in the axial direction and to 12r o in the radial direction.
Boundary conditions
It was deemed computationally too expensive to both simulate a nozzle and still resolve all relevant turbulent scales in the jet. Therefore, an in ow conditions was designed to mimic the jet beyond the nozzle, but still early in its development. This was done by feeding data from a turbulent streamwise periodic jet simulation 7 into the present calculation. Special zonal boundary conditions were developed to facilitate this while at the same time minimizing spurious re ections. 8 In the in ow zone (zone (a) in gure 1), terms were added to the equations which pass the incoming turbulence into the physical domain undamped, but highly damp the outgoing waves. The simulations used to generate the in ow turbulence, had a streamwise period of 21r o which was su cient to decorrelate the turbulence in the streamwise direction. 7 The amplitudes of the two-dimensional spectral components of the incoming waves were randomly`jittered' by up to 5% of their amplitude to break the 21r o -periodicity. To increase the statistically sample still further and verify that results did not depend upon the particular data fed into the domain, two distinct elds from Freund et al. 7 were used in the course of the simulations. Both elds had a momentum thickness of m = 0:10r o . In the far-eld and out ow boundary zones (b and c in gure 1), convection and damping terms, as discussed by Fre-2 Confederation of European Aerospace Societies und, 8 were added to the equations to absorb outgoing disturbances with minimal re ections. The mean ow for damping outgoing disturbances was estimated by extrapolating data from the interior of the domain. The in ow (a) and out ow (c) zones were both 2:5r o wide and the far-eld zone (b) was 1:3r o wide.
Turbulence Results
After achieving statistical steady state, the simulations were run for approximately T sim = 500r o =a 1 time units, where a 1 is the ambient speed of sound. This corresponds to the time required for an acoustic wave to propagate the length of the physical domain 15 times, and was su cient to converge most turbulence statistics. Over a hundred ow elds were used to calculate the statistics. Figure 2 shows the mean streamwise velocity, radial velocity, and density. The velocities are normalized by U jo , the jet exit centerline velocity. The mean axial velocity ( gure 2a) evolves from a rounded`top-hat' shape near the in ow boundary to a`Gaussian' shape after the potential core closes at around x=r o = 11. The radial mean velocity ( gure 2b) is naturally much smaller than the axial ow. It is positive near the domain centerline (except at x 0) and becomes negative away from the jet. At large r it decays roughly like 1=r indicative of entrainment induced potential ow appropriate for the irrotational region. There are suspicious`wiggles' in the large r pro les near the in ow and out ow which are believed to be due to boundary condition in uence. The reader is reminded that the radial velocity is very small and these minor deviations are not likely to adversely a ect the solution on the whole. There is also anomalous behavior at small r near the in ow. This is due to a very weak array of compression/rarefraction waves in the potential core of the jet. The compressions are su ciently weak to remain well resolved on the computational mesh. Mean density pro les are shown in gure 2c normalized by the ambient density. There is again peculiar behavior near the in ow associated with the compression waves and there is also evidence of viscous heating in the mixing layer prior to the potential core closure. The centerline streamwise velocity is plotted in gure 3 and the point where the potential core closes is clearly evident. 3 Confederation of European Aerospace Societies but modeling of compressible turbulence is typically done with Favre averages. There is clearly very little di erence between the two at this Mach number and for the present we discuss them interchangeably.
Mean ow
Examining the results, we see that before the potential core closes, axial normal stress is peaked in the middle of the jet shear layer around r = r o . This peak at r = r o persists after the potential core closes and only completely disappears at the nal station plotted. Clearly, a self-similar state is not achieved in the present simulations. The axial normal intensity and Reynolds shear stress both peak at approximately the same point where the potential core closes. The radial and azimuthal normal stresses peak slightly later, but also in the vicinity of the potential core closing. We shall see later that most of the acoustic radiation comes from this same highly turbulent region of the ow.
Length scales and two-point correlations
We estimate a turbulence length scale in a particular direction by the 50% correlation distance of the velocity component in that direction. Thus, if
then we de ne`x(x o ) = x r +x l . The length scales in the other coordinate directions are de ned similarly. Since the correlation length is a function of both x and r and because there is no self-similar scaling to collapse the data, the most relevant positions for presenting the data is not obvious. In the shear layer region, which based upon the turbulent stresses discussed above appears to dominate the dynamics for most of the domain, the halfvelocity point is an obvious choice. So we choose to plot x ,`r, and` at r = r o , which approximates the halfvelocity point before the potential core closes (see gure 6). The axial length scale remains constant`x 2r o over the entire axial extent of the domain. Not surprisingly, the radial correlation length increases linearly with downstream distance as the layer spreads. The azimuthal length scale also increases with downstream distance indicating that the turbulence becomes more azimuthally correlated at larger x. It is well known that mixing layers display higher spanwise or azimuthal correlation at lower Mach numbers so this may be associated with a decreasing roll of compressibility. However, it is also possible that the typical size of azimuthally and radially correlated structures scale with a characteristic dimension of the jet, such as the 99% velocity thickness, which also has approximately linear growth for the length of the computational domain. In the time developing simulations which were used to generate the in ow conditions,`x developed to be longer than`r and . This is responsible for the present length scales at x = 0.
The axial two-point velocity correlations are plotted for all three velocity components at three x locations in gure 7. All correlations decay to a very small value away from the peak which is typical of turbulent ow. If the dynamics were dominated by a single instability mode, we might expect a high amplitude`wavy' streamwise correlation. Away from their peak at zero displacement, the correlations do decay in a`wavy' fashion, but the amplitudes are quite low. The lack of a strong correlation does not necessarily imply that a linear mechanism is not at the root of the dynamics, at least in the shear layer region. Freund 9 found a close relation between the linear instability modes in a streamwise periodic jet and a corresponding fully non-linear turbulence simulation which was also streamwise decorrelated. This was in agreement with predictions of Morris et al. 10 who modeled turbulent shear layer dynamics by a superposition of growing and decaying linear modes. A superposition of many randomly phased modes at similar but distinct or slowly varying streamwise wave numbers could also produce apparently decorrelated velocity elds. Concerning the appropriateness of the u 0 correlation to compute`x, we see that 50% correlation lengths of v 0 r and v 0 ( gure 7) would decrease slowly with downstream distance. Similarly, we note that choosing something other than the 50% correlation length would also change length scale trends slightly. So the apparent trends in gure 6 are a weak function of the de nition of`. 3.4 Energy spectra It is important to test that simulated turbulence has a realistic broad-banded energy spectrum and decays rapidly at high wave numbers. For the present ow, spectra are only well de ned in the periodic -direction and in the time because the ow is statistically stationary. Figure 8 shows the energy spectra at three di erent streamwise locations. The spectra are indeed broad-banded and decay signi cantly at higher wave numbers. The absence of an inertial range is a manifestation of the low Reynolds number of the present simulations. The shape of the high wave number end of the spectrum changes relatively little despite a large change in the low wave numbers and very di erent ow conditions at the various downstream locations.
Acoustic Results
Visualization
The jet and its near acoustic eld are visualized with vorticity and dilatation contours in gure 9. Vorticity marks the jet turbulence and decays rapidly into the acoustic eld which is by de nition irrotational. Contours of dilatation in the near acoustic eld reveal several step compression waves. These are typical of the Mach waves observed in Schlieren visualizations of supersonic jets. The Mach waves emanate from the end of the potential core and all radiate away from the jet at nearly the same angle. This angle was estimated by assuming that the waves propagate normal to their apparent orientation in the visualizations. A sampling reveals that all distinct compressions have their normals between 45 and 55 degrees o the jet axis. If we assume the waves are generated by a single source moving supersonically in the axial direction (while at xed r and ) and that the waves propagate at the sound speed, then for a Mach angle of 50 degrees, we estimate that this \source" is moving at Mach 1.56. This is somewhat lower than the jet Mach number 1.92 and presumably corresponds to the convection velocity of the dominant sound producing turbulent eddies.
Views in r ? planes show the Mach waves are highly three-dimensional ( gure 10). Regions of relatively intense compression typically span 90 in , but the waves appear correlated for longer azimuthal distances. The turbulence is also seen to be highly three-dimensional. The azimuthal correlation of the Mach waves is also seen in gure 11 which shows the Mach waves on a cylinder at r = 12r o as they exit the physical portion of the computational domain. No obvious phase relation exist between the observed waves, but work is underway calculating time spectra and two-point correlations in the sound eld. viewed by Shih et al. 11 Following Shih et al., we will classify these into three categories: acoustic analogy, Kirchho methods, and direct methods. In the rst, acoustic analogy, the ow equations are simpli ed and rearranged into assumed acoustic source terms and acoustic propagation terms and the resulting inhomogeneous wave equation is solved for the sound eld. However, this approach is inappropriate in the present study where we intend to develop a database capable of evaluating acoustic theories and do not wish to rely on the assumptions made in the derivation and solution of analogies (see Doak 12 for a critical analysis of acoustic analogies). Kirchho methods are often favored because they o er an analytically exact far-eld linear acoustic solution given data on a surface enclosing all the sources. Even for open surfaces, which are required for jets, the errors can be quanti ed and somewhat corrected. 13 However, the formula depends upon Greens functions for the appropriate wave equation operator, and so, in cases where there are signi cant non-linear acoustic e ects, Kirchho methods are inappropriate. The nal method, proposed by Freund et al. 14 lation we use is slightly di erent than others presented in the literature; and, therefore, it is necessary to provide a brief outline of it and some background despite the availability of extensive references on the fundamentals of the theory. 16, 18 The analysis is motivated by the fact that the linear approximation of the gas dynamic equations is not uniformly valid for long range propagation of acoustic waves { the leading neglected term is secular. The rst order correction to this uses linear theory to describe the wave amplitudes, so the conical Mach waves decay like 1=r 1 2 away from their sources due to the geometry, but rst order non-linear e ects distort the wave pro les. A uniformly valid approximation results which we can use to study the propagation of nite amplitude waves.
The simulation data is most conveniently accessed as three-dimensional ow elds at an instant, so it is convenient to formulate an initial value problem for data given at such an instant. We start from a characteristic solution of the form = f ( )=s (4) where is a streamfunction, s is the distance along a characteristic, and parameterizes the initial data f ( ). 
We integrate this, neglect a term O(s ? 1 2 ) , and set the integration constant to be to arrive at (10)
The solution procedure for initial data p(s; t o ) given at discrete points on a ray (see gure 12 inset) is as follows. First (5) is solved for F ( ) at each discretized initial condition point. Then (10) is solved to calculate the appropriate for each of the initial data points. The solution at a later time p(s; t o + t) is then calculated by rst solving (10) for s in terms of known quantities t = t o + t, F ( ) and , and then using (5) to calculate the pressure. At large distances the solution can become multi-valued. When this occurs shocks are tted assuming that the shock speed U shock is the mean of the adjacent sound speeds U shock = 1 2 (a 1 + a 2 ) (this is justi ed for weak shocks as a consequence of the Hugoniot law 18, 19 ). The well known property that the net area between the t shock and the multi-valued solution must be zero follows and this uniquely positions the shock in a manner consistent with a weak formulation of the governing equations. Analytically it may be written 16 1 2
where the shock is tted between characteristics 1 and 2 .
Before applying this one-dimensional theory to test the validity of the linear approximation outside of the computational box, we will rst test it against the NavierStokes solution for propagation of waves within the computational box. In particular, we need to test whether or 8 Confederation of European Aerospace Societies not we can correctly estimate the propagation direction of the Mach waves and if omni-directional turbulent mixing noise will hinder application of the one-dimensional theory. An initial condition is chosen on a ray inclined at 50 degrees from the jet axis ( gure 12 a). Navier-Stokes, weak shock, and linear theory ( = t ? s=a 1 ) solutions are compared in gure 12 (b). Examining the linear and weak-shock solutions one sees that non-linear e ects are minor for this short distance. The comparison with the Navier-Stokes solution is also favorable considering the possibility of three-dimensional e ects and errors in estimating the Mach angle. These e ects are blamed for the di erences. The agreement is su cient to estimate non-linear e ects in the sound eld.
At larger s, accumulated non-linear e ects are, of course, more signi cant. We see in gure 13 (a) that not far beyond the computational domain, which ends at s 19r o , the steepest wave starts to`break'. We also notice, however, that the wave peaks predicted with the linear and non-linear theories are not too dissimilar as far out as s = 35r o (r = 27r o ). This indicates that for a moderate extension of the sound eld solution away from the Navier-Stokes domain, a linear techniques should be able to correctly calculate sound pressure levels and similar sound eld statistics. However, important statistics that depend upon the wave shapes, such as spectra, will be unreliable unless non-linear e ects are included. By s = 80r o (r = 61r o ) a distinct N-wave pattern develops in the pressure traces. We also see that some peaks predicted by non-linear theory are signicantly smaller than the corresponding linear predictions due to increased dissipation caused in the shocks. So, at large distances where a Kirchho method o ers the greatest advantage over direct methods (for linear acoustics by avoiding the necessity of propagating the waves directly for a long distance) it will behave poorly because of its inherent linearity.
9
Confederation of European Aerospace Societies 4.3 Extrapolation of the acoustic eld In the present study, no attempt was made to match a particular jet experiment because of the Reynolds number limitations of the simulations, and insu cient documentation of near nozzle ow conditions in the available experimental results. However, it is important to show that the sound pressure levels (SPL) are within the range of those measured for jets at similar Mach numbers. Typically, experimental sound eld data is measured starting at greater than 12 jet radii from the jet axis 20{23 which is the extent of the Navier-Stokes domain in the present study. So, to make a comparison it is necessary to extend the solution further from the NavierStokes computation into the sound eld. Based upon the results of the previous section, a direct method solving the Euler equations with shock tting capability would be the most appropriate. However, it was also shown that a linear method should su ce for calculating the statistics of the acoustic eld that do not depend heavily upon the local wave shapes out to r 27r o . A linear wave equation solver, as proposed by Freund et al., 14 was used to propagate acoustic data from the Navier-Stokes solution out to r = 26r o . A Kirchho method would also su ce for the present purpose, but the direct method was chosen because it is easier to implement and computationally cheaper for calculating time resolved data at every point in the extended domain. The wave equation for the pressure uctuations, @ 2 p 0 @t 2 + p 0 = 0; (12) where is the Laplace operator in cylindrical coordinates, was solved numerically on the domain shown schematically in gure 14 using the same numerical algorithm as the Navier-Stokes solver. This domain was oneway coupled to the Navier-Stokes solver with a Dirichlet condition on p 0 applied on common boundaries. Oneway coupling is not potentially as accurate as two-way coupling because an imperfect boundary condition must be applied on the inner solution; 14 however, tests showed that this was su ciently accurate, and we shall see there is essentially no distortion of waves passing between the domains. A radiation boundary condition was applied on the other boundaries with the exception of the r = 6r o side where p 0 = 0 was enforced as a Dirichlet boundary condition. Ideally, pressure data from the downstream portion of the jet should be applied here, but due to the nite size of the Navier-Stokes domain, this data is not available. This is essentially the same problem that an open Kirchho surface poses and may be analyzed in the same fashion. Essentially, care must be taken to avoid treating an acoustically`blocked' region as physically realistic. For this reason, the region immediately above Navier-Stokes the p 0 = 0 boundary is not included in the analysis. The wave equation was discretized on a uniform mesh using 384 150 128 mesh points in the axial, radial, and azimuthal directions. The mesh was rectangular but the points that overlapped the Navier-Stokes domain were not advanced in time. This wave equation computation was relatively inexpensive because the number of mesh points was small, the equation was very simple with few operations were required per timestep, and signi cantly larger time steps could be taken because the grid was much coarser than in the jet ow. In addition, a significantly shorter run was needed because the sound eld achieved a statistically steady state more rapidly than the Navier-Stokes solution. Overall, the wave equation computation required < 1% of the expense of the NavierStokes computation.
Acoustic eld results
An instantaneous two-dimensional plane of the combined Navier-Stokes and wave equation solution is shown in gure 15. No distortion of the waves passing between the two domains is observed. Sound pressure levels were calculated for the acoustic eld and these are shown in gure 16. The acoustic radiation is highly directional which is typical of jets at this Mach number. 20{23 However, if we compare peak SPL levels at a given distance the present jet is somewhat louder than other jets at similar Mach numbers. A table of peak SPL at r = 15r o for the present study and several experiments is given in table 1. The SPL is 3dB higher than the Troutt explained by the choice of Mach number parameter. It is generally accepted that the mechanism for Mach wave radiation 3 (as well as growth of compressible mixing layers 9, 10, 24 ) is strongly connected with the ampli cation rate of instability modes and that this scales with the convective number. 4 Before the potential core closes, a jet convective Mach number may be de ned 
By using this, we essentially account for the present jet being nearly uniform in temperature while the experiments under consideration have uniform stagnation temperatures. We see in table 1 energy spectra all demonstrate that the turbulence is realistic and that the statistical sample was su cient for converged results. Weak-shock theory established that non-linear e ects are important for calculation of the far-eld sound, but also that linear methods su ce to estimate the near-eld sound pressure levels. A linear wave equation was one-way coupled to the Navier-Stokes equation to calculate sound pressure levels outside the Navier-Stokes domain and these were found to agree with experiments. The data agreed best with jets at similar convective Mach numbers.
